We first review the derivation of an effective one-dimensional (1D) discrete nonpolynomial Schrödinger equation from the continuous 3D Gross-Pitaevskii equation with transverse harmonic confinement and axial periodic potential. Then we study the bright solitons obtained from this discrete nonpolynomial equation showing that they give rise to the collapse of the condensate above a critical attractive strength. We also investigate the dimensional reduction of a bosonic quantum field theory, deriving an effective 1D nonpolynomial Heisenberg equation from the 3D Heisenberg equation of the continuous bosonic field operator under the action of transverse harmonic confinement. Moreover, by taking into account the presence of an axial periodic potential we find a generalized Bose-Hubbard model which reduces to the familiar 1D Bose-Hubbard Hamiltonian only if a strong inequality is satisfied. Remarkably, in the absence of axial periodic potential our 1D nonpolynomial Heisenberg equation gives the generalized Lieb-Liniger theory we obtained some years ago.
I. INTRODUCTION
Ultracold bosonic gases in reduced dimensionality are an ideal platform for probing many-body phenomena [3, 7] . In particular, the use of optical lattices has allowed the experimental realization [8] of the well-known Bose-Hubbard Hamiltonian [10] with dilute and ultracold alkali-metal atoms. This achievement has been of tremendous impact on several communities [10] , and in particular on theoreticians and mathematicians working with discrete nonlinear Schrödinger equations [16] .
The three-dimensional (3D) Gross-Pitaevskii equation, a cubic nonlinear Schrödinger equations which accurately describes a Bose-Einstein condensate (BEC) made of dilute and ultracold atoms [9] , is usually analyzed in the case of repulsive interaction strength which corresponds to a positive inter-atomic s-wave scattering length [2] . Indeed, a negative s-wave scattering length implies an attractive interaction strength which may bring to the collapse [9] due to the shrink of the transverse width of a realistic quasi-1D bosonic cloud [12, 13, 19] . Nevertheless, in certain regimes of interaction both continuous and discrete 3D Gross-Pitaevskii equations predict the existence of meta-stable configurations which are usually called continuous and discrete bright solitons [12, 13, 19] . We remark that continuous bright solitons have been observed in various experiments [5, 14, 17, 24] involving attractive bosons of 7 Li and 85 Rb vapors. Instead, discrete (gap) bright solitons in quasi-1D optical lattices have been observed [6] only with repulsive bosons made of 87 Rb atoms.
In the first part we discuss an effective one-dimensional discrete nonpolynomial Schrödinger equation obtained from the continuous 3D Gross-Pitaevskii equation with transverse harmonic confinement and axial periodic potential [12, 13] . We show that this 1D discrete nonpolynomial Schrödinger equation reduces to the 1D discrete Gross-Pitaevskii equation only in the weak-coupling regime and we compare the bright soliton of the discrete nonpolynomial Schrödinger equation bright solitons with the bright solitons of the discrete Gross-Pitaevskii equation.
In the second part, we investigate the dimensional reduction of a bosonic quantum field theory, deriving an effective 1D nonpolynomial Heisenberg equation from the 3D Heisenberg equation of the bosonic field operator under the action of transverse harmonic confinement. In particular, we prove that the discrete version of this 1D nonpolynomial Heisenberg equation becomes the 1D discrete nonpolynomial Schrödinger equation only assuming that the quantum many-body state of the system is a Glauber coherent state. As a by-product, we also obtain a reliable generalizaton of the Lieb-Liniger theory for a quasi-1D uniform Bose gas [22] .
It is important to stress that some years ago we used this generalized Lieb-Liniger theory (but in the absence of axial lattice) to analyze the transition from a 3D BoseEinstein condensate to the 1D Tonks-Girardeau gas, showing that the sound velocity and the frequency of the lowest compressional mode give a clear signature of the regime involved [22] . In Ref. [22] we studied also the case of negative scattering length deriving the phase diagram of the Bose gas (uniform, single soliton, multi soliton and collapsed) in toroidal confinement. Quite remarkably, the experimental data on a Tonks-Girardeau gas of 87 Rb atoms of Kinoshita, Wenger, and Weiss [18] are compatible with the one-dimensional theory of Lieb, Seiringer and Yngvason [11] but are better described by our the-ory that takes into account variations in the transverse width of the atomic cloud [23] . In Ref. [23] , by using our generalized theory we investigated also the free axial expansion of the 87 Rb gas in different regimes: TonksGirardeau gas, one-dimensional Bose-Einstein condensate and three-dimensional Bose-Einstein condensate.
II. BEC IN A QUASI-1D OPTICAL LATTICE
We consider a dilute BEC confined in the z direction by a generic axial potential V (z) and in the plane (x, y) by the transverse harmonic potential
The characteristic harmonic length is given by
and, for simplicity, we choose a ⊥ and ω −1 ⊥ , as length and time units, and ω ⊥ as energy unit. In the remaining part of this chapter we use non-dimensional variabiles.
We assume that the system made of fully condensed Bose atoms is well described by the 3D Gross-Pitaevskii equation, and in scaled units it reads
where ψ(r, t) is the macroscopic wave function of the BEC normalized to the total number N of atoms and g = 2a s /a ⊥ with a s the s-wave scattering length of the inter-atomic potential. In addition, we suppose that the axial potential is the combination of periodic and harmonic potentials, i.e.
This potential models the quasi-1D optical lattice produced in experiments with Bose-Einstein condensates by using counter-propagating laser beams [15] . Here λ ≪ 1 models a weak axial harmonic confinement.
A. Axial discretization of the 3D Gross-Pitaevskii equation
We now perform a discretization of the 3D GrossPitaevskii equation along the z axis due to the presence on the periodic potential. In particular we set
where W n (z) is the Wannier function maximally localized at the n-th minimum of the axial periodic potential.
This tight-binding ansatz is reliable in the case of a deep optical lattice [15] . We insert this ansatz into Eq. (3), multiply the resulting equation by W * n (z) and integrate over z variable. In this way we get
where the parameters ǫ, J and U are given by
The parameters J and U are practically independent on the site index n and in the tight-binding regime J > 0.
B. Transverse dimensional reduction of the 3D discrete Gross-Pitaevskii equation
To further simplify the problem we set [12, 13] 
where σ n (t) and f n (t), which account for discrete transverse width and discrete axial wave function, are the effective generalized coordinates to be determined variationally. In Ref. [21] there is a detailed discussion of the variational approach with time-dependent Gaussian trial wave-functions for the study of Bose-Einstein condensates. We insert this ansatz into the Lagrangian density associated to Eq. (6) and integrate over x and y variables. In this way we obtain an effective Lagrangian for the fields f n (t) and σ n (t).
The Euler-Lagrange equation of the effective Lagrangian with respect to f * n is
while the Euler-Lagrange equation with respect to σ n gives Inserting Eq. (12) into Eq. (11) we finally get
that is the 1D discrete nonpolynomial Schrödinger equation, describing the BEC under a transverse anisotropic harmonic confinement and an axial optical lattice [12, 13] .
The 1D discrete nonpolynomial Schrödinger equation reduces to the familiar 1D discrete Gross-Pitaevskii equation
in the weak-coupling limit |U ||f n | 2 ≪ 1, where U can be both positive and negative. On the contrary, 1D discrete nonpolynomial Schrödinger equation becomes a 1D quadratic discrete nonlinear Schrödinger equation
in the strong-coupling limit U |f n | 2 ≫ 1, where U > 0. 
C. Numerical results
We have solved numerically both 1D discrete nonpolynomial Schrödinger equation and 1D discrete GrossPitaevskii equation by using a Crank-Nicolson predictorcorrector algorithm with imaginary time [4] to get the ground-state of the system.
In Fig. 1 and 2 we report our results obtained with N = 100 atoms in a quasi-1D optical lattice with weak axial harmonic confinement: λ = 0.1. The plots are shown for different values of the repulsive on-site interaction strength U : U > 0. Note that in the experiments U can be tuned by using the technique of Feshbach resonances [9, 10, 15] .
In Fig. 1 we plot the axial density profile |f n | the axial density profile for a large value (U/J = 2) of the on-site interaction. In the lower panel of Fig. 2 we report the transverse width σ i of the bosonic cloud as a function of the lattice site n. As expected, σ i strongly deviates from 1 (i.e. a ⊥ is dimensional units) where the axial density |f n | 2 is large.
Now we show the results obtained again with N = 100 atoms in a quasi-1D optical lattice but with an attractive on-site interaction strength U : U < 0. In the attractive case the ground-state is self-localized and it exists also in the absence (λ = 0) of the axial harmonic potential: it is the discrete bright soliton. In Fig. 3 we plot the axial density profile |f n | 2 in the presence of the superimposed axial harmonic potential (λ = 0.1) and in 
D. Collapse of the discrete bright soliton
In Fig. 5 we report the axial width of the bright soliton as a fuction of the (attractive) on-site interaction. As expected, for a small on-site interaction strength the axial width is extremely large and 1D discrete nonpolynomial Schrödinger equation and 1D discrete Gross-Pitaevskii equation give the same results. On the other hand, if the on-site interaction strength is sufficiently large one finds deviations between 1D discrete nonpolynomial Schrödinger equation and 1D discrete Gross-Pitaevskii equation. By further increasing the attractive on-site interaction U 1D discrete Gross-Pitaevskii equation shows that eventually all the atoms accumulate into the same site. 1D discrete nonpolynomial Schrödinger equation shows instead something different: before all the atoms populate the same site there is the collapse of the condensate: 1D discrete nonpolynomial Schrödinger equation does not admit anymore a finite ground-state solution.
Numerically we find that the collapse occurs when U < 0 and |U |N J > 2.1 (16) which is consistent with analytical result |U |N/J > 8/3 of the continuum limit [19] . 
III. DIMENSIONAL REDUCTION OF A CONTINUOUS QUANTUM FIELD THEORY
A full quantum treatment of interacting bosons in a optical lattice is obtained by promoting the wavefunction ψ(r, t) of the 3D Gross-Pitaevskii equation (3) to a field operatorψ(r, t) [20] , namely ψ(r, t) →ψ(r, t) ,
The bosonic field operatorψ(r, t) and its adjunctψ + (r, t) must satisfy the following equal-time commutation rules
[ψ(r, t),ψ(r
By imposing these commutation rules one findŝ
that is the operatorψ + (r, t) creates a particle in the state |r, t from the vacuum state |0 , and alsô ψ(r, t)|r
that is the operatorψ(r, t) annihilates a particle which is in the state |r, t . After promoting the wavefunction ψ(r, t) to a field operatorψ(r, t), Eq. (3) becomes
This equation is nothing else than the Heisenberg equation of motion
of the field operatorψ(r, t), wherê
(25) is the many-body quantum Hamiltonian of the system, which is not necessarily a BEC [20] . Thus, the manybody Hamiltonian (25) describes a dilute gas of bosonic atoms confined in the plane (x, y) by the transverse harmonic potential and by a generic potential V (z) in the z direction.
A. Dimensional reduction of the Hamiltonian
To perform the dimensional reduction of the Hamiltonian (25) we suppose that
where |G is the many-body ground state, while σ(z) and φ(z) account respectively for the transverse width and for the axial bosonic field operator. We apply this ansatz to Eq. (25) and obtainĤ
where, neglecting the space derivatives of σ(z), the effective 1D Hamiltonian readŝ
(28) The transverse width σ(z) can be determined by averaging the Hamiltonian (28) over the ground state |G and minimizing the resulting energy functional
with respect to σ(z). In this way one gets
Thus, the ground state |G is obtained self-consistently from Eqs. (28) and (30). Notice that introducing the local axial-density operatorρ(z) =φ
|G is the local axial density and ρ 2 (z) = G|φ
is the two-body axial correlation function, Eq. (30) can be rewritten as
Clearly, if gρ 2 (z) ≪ ρ(z) one has
and the effective Hamiltonian (28) reduces tô
whereĤ 1D is the strictly one-dimensional Hamiltonian
while 1 is the transverse energy (in units of ω ⊥ ). Let us analyze the general case σ(z) = 1. In the superfluid regime, where |G is the Glauber coherent state |GCS ofφ(z) [20] , i.e. such that
from Eq. (30) one finds
and the energy functional (29) then becomes
This is the familiar energy functional of the 1D nonpolynomial Schrödinger equation [19] .
B. 1D nonpolynomial Heisenberg equation
From the effective 1D Hamiltonian (28), the Heisenberg equation of motion
gives
that is a 1D nonpolynomial Heisenberg equation because it must be solved self-consistently with the equation
where |S is the many-body quantum state on the system. Only if the many-body state |S coincides with the Glauber coherent state |GCS [20] , such that φ(z, t)|GCS = φ(z, t)|GCS , the 1D nonpolynomial Heisenberg equation reduces to the 1D nonpolynomial Schrodinger equation [19] , given by
where φ(z, t) is a complex wavefunction and
is the corresponding transverse width.
C. Generalized Lieb-Liniger theory
In the time-independent and uniform case, where V (z) = 0, the space-time dependence in Eq. (40) disappears, i.e.
and the energy functional (29) reduces to a function of ρ, ρ 2 and σ, namely
where L is the length of the uniform system. Due to the Lieb-Liniger theorem [11] , for g ≥ 0 the energy function (44) can be rewritten as
where f (x) is the Lieb-Liniger function, which is defined as the solution of a Fredholm equation and it is such that f (x) = x − 4x 3/2 /(3π) for x ≪ 1 and f (x) = (π 2 /3)(x/(x + 2)) 2 for x ≫ 1. The minimization of (45) with respect to σ gives
and consequently, comparing with Eq. (43), the twobody axial correlation function ρ 2 must satisfy the equation
Notice that Eqs. (45) and (46), which are a reliable generalization of the Lieb-Lineger theory, have been obtained for the first time by Salasnich, Parola and Reatto [22] using a many-orbitals variational approach. As discussed in the introduction, some years ago we used this generalized Lieb-Liniger theory to analyze the transition from a 3D Bose-Einstein condensate to the 1D Tonks-Girardeau gas [22] , showing that the experimental data on a TonksGirardeau gas of 87 Rb atoms of Kinoshita, Wenger, and Weiss [18] are very well described by our theory that takes into account variations in the transverse width of the atomic cloud [23] .
IV. DIMENSIONAL REDUCTION FOR BOSONS IN A QUASI-1D LATTICE
To conclude this chapter, we perform a discretization of the 3D many-body Hamiltonian (25) along the z axis due to the presence of the periodic potential, given by Eq. (4). We use the decomposition [10] 
that is the quantum-field-theory analog of Eq. (5) and we set up the quantum-field-theory extension of the meanfield approach developed in the first part of this contribution. In particular we writê
where |G is the many-body ground state, while σ n and b n account respectively for the on-site transverse width and for the bosonic field operator. We insert these ansatz into Eq. (25) and we easily obtain the effective 1D BoseHubbard Hamiltonian [1]
wheren n =b + nbn is the on-site number operator, ǫ n is the on-site axial energy, while J and U are the familiar hopping (tunneling) energy and on-site energy, given by Eqs. (7), (8) and (9) .
Our Eq. (50) takes into account deviations with respect to the strictly 1D case due to the transverse width σ n of the bosonic field. This on-site transverse width σ n can be determined by averaging the Hamiltonian (50) over a many-body quantum state |G and minimizing the resulting energy function with respect to σ n . In this way one gets [1] 
Note that Eqs. (50) and (51) must be solved selfconsistently to obtain the ground-state of the system. Clearly, if U < 0 the transverse width σ n is smaller than one (i.e. σ n < a ⊥ in dimensional units) and the collapse happens when σ n goes to zero. At the critical strength U c of the collapse all particles are accumulated in few sites and consequently U c ≃ −1/N . We stress that, from Eq. (51), the system is strictly 1D only if the following strong inequality
is satisfied for any n, such that σ n = 1 (i.e. σ n = a ⊥ in dimensional units). Under the condition (52) the problem of collapse is fully avoided. In this strictly 1D regime where the effective Hamiltonian of Eq. (50) becomes (neglecting the irrelevant constant transverse energy)
(53) which is the familiar 1D Bose-Hubbard model [10] .
Given the generalized Bose-Hubbard Hamiltonian (50), the discrete Heisenberg equation of motion of the bosonic operatorb n reads
that is
This is a 1D discrete nonpolynomial Heisenberg equation because it must be solved self-consistently with the equation 
where |S is the many-body quantum state on the system. Also in this discrete case, only if the many-body state |S coincides with the Glauber coherent state |GCS , such thatb
the 1D discrete nonpolynamial Heisenberg equation reduces to the 1D discrete nonpolynomial Schrödinger equation, given by Eqs. (11) and (12) .
V. CONCLUSIONS
We have investigated the discrete bright solitons of a quasi-one-dimensional Bose-Einstein condensate with axial periodic potential by using an effective onedimensional discrete nonpolynomial Schrödinger equation [12, 13] . We have shown that, contrary to the familiar one-dimensional discrete nonlinear Schrödinger equation, our gives rise to the collapse of the condensate above a critical (attractive) strength, in agreement with experimental data. We have also analyzed the dimensional reduction of a bosonic quantum field theory finding an effective 1D quantum Hamiltionian (and a corresponding effective 1D nonpolynomial Heisenberg equation) which gives a generalized Lieb-Liniger theory in the absence of axial periodic potential [22, 23] and gives instead a generalized Bose-Hubbard model [1] in the presence of axial periodic potential. In Ref. [1] we have used the Density-Matrix-RenormalizationGroup (DMRG) technique to study the bright solitons of the 1D Bose-Hubbard Hamiltonian finding that beyondmean-field effects become relevant by increasing the attraction between bosons. In particular we have discover that, contrary to the MF predictions based on the discrete nonlinear Schrödinger equation, quantum bright solitons are not self-trapped [1] . In other words, we have found that with a small number N of bosons the average of the quantum density profile, that is experimentally obtained with repeated measures of the atomic cloud, is not shape invariant. This remarkable effect can be explained by considering a quantum bright soliton as a MF bright soliton with a center of mass that is randomly distributed due to quantum fluctuations, which are suppressed only for large values of N [1] .
